Abstract. We give sufficient conditions for a C 1 c -local diffeomorphism between Fréchet spaces to be a global one. We extend the Clarke's theory of generalized gradients to the more general setting of Fréchet spaces. As a consequence, we define the Chang Palais-Smale condition for Lipschitz functions and show that a function which is bounded below and satisfies the Chang Palais-Smale condition at all levels is coercive. We prove a version of the mountain pass theorem for Lipschitz maps in the Fréchet setting and show that along with the Chang Palais-Smale condition we can obtain a global diffeomorphism theorem.
the path lifiting property has been developed, see Plastock [15] . A potential line for further studies would be the generalization of this approach for Fréchet spaces as well.
Despite the fact that the theory of Fréchet spaces has a remarkable relation with both linear and non-linear problems but not many methods for solving different types of differential equations are known. Our motivation here has an eye on future applications to ordinary differential equations. It is known that each global existence theorem for an autonomous system in Banach spaces has a correspondence with a global inversion theorem. Analogously, we would expect that such theorems will play notable role in the theory of differential equations in Fréchet spaces.
Clarke's subdifferential
In this section we extend some basic concepts of the generalized gradients calculus to the Fréchet setting. In most cases the proofs have elementary calculus nature and similar to their Banach analogues so we merely give references.
We denote by F a Fréchet space and by F 1 its dual. We assume that the topology of F is defined by an increasing sequence of seminorms ¨ (1.1)
A ball with center x and radius r in F and F 1 is denoted by B r pxq and B 1 r pxq, respectively. The boundary of a set U is denoted by bd U. We will use the Keller's notion of C k c -maps, see [7, Definition 2.2] .
The weak topology σpF, F 1 q on F is given by the fundamental system of seminorms
where φ 1 runs through the set Φ 1 of finite subsets of the dual space F 1 . The weak˚topology σpF 1 , F q on F 1 is given by the fundamental system of seminorms
where φ runs through the set Φ of finite subsets of F . Let x., .y be the dual pairing between F and F 1 . Let Lip loc pF, Rq be the set of all locally Lipschitz functions on F and ϕ P Lip loc pF, Rq. As in [2] we define for each f P F the generalized directional derivative, denoted by ϕ˝pf, gq, in the direction g P F by ϕ˝pf, gq -lim sup hÑf,tÓ0 ϕph`tgq´ϕphq t , t P R, h P F.
It can be easily seen that the function f Ñ ϕ˝pf, gq is locally Lipschitz, positively homogeneous and sub-additive. For any f P F we define the Clarke's subdifferential of ϕ, denoted by Bϕ, as follows:
(a) ϕ˝pf ; gq is upper semi-continuous as a function of pf, gq and, as a function of g alone, is Lipschitz on F . (b) ϕ˝pf,´gq " p´ϕ˝qpf, gq.
(c) For every g P F , ϕ˝pf ; gq " maxtxh, gy : h P Bϕpf qu. (d) g P Bϕpf q if and only if ϕ˝pf ; hq ě xg, hy, @h P F . (e) Suppose sequences pf j q Ă F and pg j q Ă F 1 are such that g j P Bϕpf j q. If f j Ñ f and g is a cluster point of pg j q, then g P Bpf q. (f) Bptϕqpf q " tBϕpf q, @t P R. (g) If f is a local minimum of ϕ, then 0 P Bϕpf q. (h) Bpϕ`ψqpf q Ă Bϕpf q`Bψpf q.
Proof. The proofs of paq´phq are easy and similar to the Banach case cf. [ If ψ is regular at ϕpeq then the equality holds.
Proof. The proof is also quite analogous to the Banach case [3, Theorem 2.3.10].
We recall that a family B of bounded subsets of F that covers F is called a bornology on F if it is directed upwards by inclusion and if for every B P B and r P R there is a C P B such that r¨B Ă C.
Let E be a Fréchet space, B a bornology on F and L B pF, Eq the space of all linear continuous maps from F to E. The B-topology on L B pF, Eq is a Hausdorff locally convex topology defined by all seminorms obtained as follows:
Suppose that B consists of all compact sets, then the B-topology on the space L B pF, Rq " Proof. By definition for all h P F we have
By our definition of differentiability we get D ϕpxqphq ő ϕ˝px, hq, but ă D ϕpxq, h ą B ŕ ă D ϕpxq, h ą therefore ă D ϕpxq, h ąő ϕ˝px, hq thereby by Lemma 1.1(d) we obtain D ϕpxq P Bϕpxq.
Chang Palais-Smale condition
A point f P F is called a critical point of ϕ if 0 P Bϕpf q, that is ϕ˝pf ; gq ŕ 0, @g P F . The value of a critical point is called a critical value.
We define for each φ P Φ the function λ ϕ,φ on F as follows
The seminorms ρ φ p¨q are bounded below and weak˚lower semi-continuous because they arise as the pointwise supremum of the continuous absolute value function. Also, Bϕpxq is weak˚-compact therefore the minimum is obtained.
Lemma 2.1. The set-valued mapping f Þ Ñ Bϕpf q is locally bounded and weak˚upper semi-continuous.
Proof. The proof is a slight modification of the Banach case, cf. [11, Theorem 1.
Lemma 2.2. For each φ P Φ the function λ ϕ,φ pf q is sequentially lower semi-continuous
Proof. If λ ϕ,φ pf q is not sequentially lower-continuous there exist a sequence f n Ñ f 0 such that lim nÑ8 λ ϕ,φ pf n q ă λ ϕ,φ pf 0 q. Let a sequence y n P Bϕpf n q be such that ρ φ py n q " λ ϕ,φ pf n q. By Lemma 2.1 there exist a weak˚open set U in F 1 such that Bϕpf 0 q Ď U and a neighborhood V of f 0 on which the mapping is bounded such that there exists a subsequence pf n i q of pf n q in V so y n i P Bϕpf n i q and y n i P U. Since ty n i u is bounded it has a weak cluster y 0 and hence by Lemma 1.1(e) we have y 0 P Bϕpf 0 q but λ ϕ,φ pf 0 q ő ρ φ py 0 q ő lim inf
which is a contradiction. Definition 2.1 (Chang PS-condition). Let ϕ P Lip loc pF, Rq. We say that ϕ satisfies the Palais-Smale condition in the Chang's sense, Chang PS condition for short, if any sequence pf n q in F such that ϕpf n q is bounded and for all φ P Φ
possesses a convergent subsequence. Also, if any sequence pf n q Ă F such that ϕpf n q Ñ c P R and satisfies (2.2) possesses a convergent subsequence we say that ϕ satisfies the Chang PS condition at level c.
Suppose that ϕ P Lip loc pF, Rq satisfies the Chang PS-condition. Let pf n q be any sequence in F that converges to f 0 and satisfies (2.2). Since by Lemma 2.2 the functions λ ϕ,φ pf n q are sequentially lower semi-continuous it follows that @φ P Φ lim nÑ8 λ ϕ,φ pf n q " lim inf nÑ8 λ ϕ,φ pf n q ŕ λ ϕ,φ pf 0 q.
Whence λ ϕ,φ pf 0 q " 0, that is the zero function in F 1 belongs to Bϕpf 0 q, hence f 0 is a critical point.
Now we prove that a functional ϕ P Lip loc pF, Rq that satisfies the Chang PS condition at all levels is coercive. The idea of proof is inspired by the work of Brezis and Nirenberg [1] .
A functional ϕ : F Ñ R is said to be coercive if ϕpf q Ñ`8 as f 1 F Ñ 8. We will need the following version of Ekeland's variational principle.
Theorem 2.1. [9] Let pX, σq be a complete metric space. Let a functional f : X Ñ p´8, 8s be semi-continuous, bounded from below and not identical to`8. Then, for any ǫ ą 0 and every point x 0 P X there exists u P X such that (1) f puq ő f px 0 q´εσpu, x 0 q (2) f puq ő f pxq`ǫσpx, uq, @x P X. Theorem 2.2. Let ϕ P Lip loc pF, Rq and let
ϕpf q be finite. Then there exists a sequence pf n q Ă F such that f n i Ñ 8p@i P Nq, ϕpf n q Ñ α, and λ ϕ,φ pf n q Ñ 0 for all φ P Φ.
Proof. Define mprq -inf
The function mprq is a non-decreasing and
By (2.4) for each ε ą 0 there exists r 1 such that for all r ŕ r 1
For a fixed ε ą 0 choose a number
By our assumption we can fix some z 0 with z 0 1 ŕ 2r 2 such that
Let F " tf P F : f 1 ŕ r 2 u. It is closed in F , so it is a complete metric space by the induced metric (1.1). Moreover, ϕ is lower semi-continuous on F and so on F. Also, by (2.3),(2.5) and (2.6)
So ϕ is lower bounded, and therefore, all assumptions of Theorem 2.1 are fulfilled for F. Thus, there is g P F such that ϕpgq ő ϕpxq`εd F pg, xq, @x P F (2.8)
9) It follows that (2.3),(2.5), (2.6),(2.9) and (2.7)
Whence g is an interior point of F. Define on F the function
The function r ϕphq attains its minimum in g P Int F by virtue of (2.8). Therefore
F is the closed unit ball in F 1 . Thus, λ ϕ,φ pgq " mintρ φ phq | h P Bϕphqu ő ε.
Letting ε " ε n Ó 0 completes the proof.
Corollary 2.1. If ϕ P Lip loc pF, Rq is bounded below and satisfies the Chang PS condition at c for all c P R, then it is coercive.
Proof. If it is not coercive then α " lim inf f 1 Ñ8 ϕpf q is finite. Then by Theorem 2.2 there exists a sequence pf n q Ă F such that f n i Ñ 8p@i P Nq, ϕpf n q Ñ α and λ ϕ,φ pf n q Ñ 0 for all φ P Φ. Then the Chang PS-condition at α yields that pf n q has a convergent subsequent which is a contradiction.
The mountain pass theorem
Following the lines of the mountain pass theorem for Banach spaces due to Shuzhong [16] we prove a version of the mountain pass theorem for locally Lipschitz functions between Fréchet spaces. This is the most suitable version for our goals as it involves the Chang PS condition.
Let ϕ P Lip loc pF, Rq be a function. Let U be an open neighborhood of zero and f R U be given such that for a real number m maxtϕp0q, ϕpf qu ă m ő inf bd U ϕ.
(3.1) Let Γ -tγ P Cpr0, 1s; F q : γp0q " 0, γp1q " f u be the space of continuous paths joining 0 and f . Consider the Fréchet space Cpr0, 1s; F q with the family of seminorms
be the metric that defines the same topology. We can easily varify that Γ is a closed subset of Cpr0, 1s; F q so it is a complete metric space with the induced metric d Γ .
In the sequel we will apply the following weak form of Ekeland's variational principle.
Theorem 3.1. [8, Theorem 1 bis.] Let pX, σq be a complete metric space. Let a functional f : X Ñ p´8, 8s be semi-continuous, bounded from below and not identical to`8. Then, for any ǫ ą 0 there exists x P X such that (1) f pxq ă inf X f`ǫ (2) f pxq ő f pyq`ǫσpx, yq, @y ‰ x P X.
The idea of the proof of the following mountain pass theorem is to define a function Ψpγq " max r0,1s ϕpγptqq on Cpr0, 1s; F q and show that it is locally Lipschitz. Then we find almost minimizers with some certain conditions by using Ekeland's variational principle. We pick a sequence of these points on Γ and associate it with a sequence on F which satisfies the requirement of the Chang PS-condition for ϕ. The limit of a subsequence of this sequence on F is a critical point of ϕ. Then there exists a sequence pf n q Ă F such that ϕpf n q Ñ c and satisfies (2.2). Moreover, if ϕ satisfies the Chang PS condition then c is a critical value of ϕ.
Proof. Define the function Ψ : Cpr0, 1s; F q Ñ R by
ϕpγptqq.
Let γ P Cpr0, 1s, F q, for any t P r0, 1s there are positive numbers r t , c t such that
The family tB rt pγptqqu tPr0,1s is an open covering of the compact set γpr0, 1sq, therefore, there is a finite sub-covering tB rt j pγpt j qqu j"1,¨¨¨,k of γpr0, 1sq. Hence by the Lebesgue's number lemma there exists a positive number r such that for any f P γpr0, 1sq there exists some 1 ď j ď k such that B r pf q Ă B rt j pγpt j qq. Set c γ -max 1ďjďk c t j . Therefore @t P r0, 1s, @f 1 , f 2 P B r pγptqq, | ϕpf 1 q´ϕpf 2 q |ő c γ f 1´f2
If γ 1 , γ 2 P Cpr0, 1s, F q satisfy 
Let ε j be a sequence of positive numbers converging to zero and pη j q Ă Cpr0, 1s; F q a sequence such that η j´γ i 1 Γ p@i 1 P Nq Ñ 0 as j Ñ 8 and for η P Cpr0, 1s; F q Ψ˝pγ; ηq " lim jÑ8
Ψpη j`εj ηq´Ψpη j q ε j .
Set
Mpγq -ts P r0, 1s | ϕpγpsqq " Ψpγqu. For any s j P Mpη j`εj ηq, j " 1, 2,¨¨¨it follows that Ψpη j`εj ηq´Ψpη j q ε j ő ϕpη j ps j q`ε j ηps j qq´ϕpη j ps jε j .
By the mean value theorem, there exist ǫ j P p0, 1q and xj P Bϕpη j ps j q`ǫ j ε j ηps jsuch that ϕpη j ps j q`ε j ηps j qq´ϕpη j ps jε j " xxj , ηps j qy, j " 1, 2,¨¨¨(3.8)
The sequence ps j q has a convergent sequence, denoted again by ps j q, suppose that s j Ñ s. Then η j ps j q`ǫ j ε j ηps j q Ñ γpsq. By Lemma 1.1(e) the sequence pxj q has a w˚-cluster point x˚P Bϕpγpsqq. Since s j P Mpη j`εj ηq, we have ϕpη j ps j q`ε j ηps jŕ ϕpη j ptq`ε j ηptqq, @t P r0, 1s.
Letting t Ñ 8 yields ϕpγpsqq ŕ ϕpγptqq, @t P r0, 1s and hence s P Mpγq, therefore Ψ˝pγ; ηq ő max sPM pγq ϕ˝pγpsq; ηpsqq, @η P Cpr0, 1s, F q.
(3.10)
Suppose for some γ P Cpr0, 1s, F q we have Mpγq Ă p0, 1q and there exists ε ą 0 such that for η P C 0 pr0, 1s, F q Ψ˝pγ; ηq ŕ´ε η
(3.11) We prove that there exists s P Mpγq such that @h P F ϕ˝pγpsq; hq ŕ´ε h i F p@i P Nq.
(3.12)
If there there is no such s then for any t P Mpγq there exits h t P F with h t i F " 1pi P Nq such that ϕ˝pγptq; h t q ă´ε. The continuity of γ and the upper semi-continuity of ϕ˝implies that for any t P Mpγq there exits h t P F with h t i F " 1p@i P Nq and ε 1 t ą 0 such that ϕ˝pγpsq; h t q ă´ε, @s P B ε 1 t ptq " ts P r0, 1s; | s´t |ă ε 1 t u.
(3.13)
The family tB ε 1 t ptqu tPM pγq is an open covering of Mpγq. Since Mpγq is compact there exist
Since Mpγq is a subset of p0, 1q it follows that B ε 1 t ptq does not contain t0, 1u for all t P Mpγq. Thereby
and
By (3.14) it follows that Σ j"k j"0 d j ptq ą 0. By the above arguments we obtain η 0 P C 0 pr0, 1s; F q with η 0
Then for any t P Mpγq we get
Therefore by Equation (3.10) we have Ψ˝pγ; η 0 q ő max sPM pγq ϕ˝pγpsq; η 0 psqq ă´ε η 0
which is a contradiction. Since U separates 0 and f , for any γ P Γ,
Then by the assumptions of the theorem max tPr0,1s
Therefore for every γ P Γ,
Mpγq " ts P r0, 1s; ϕpγpsqq " max tPr0,1s
ϕpγptqqu Ă p0, 1q. The restriction of Ψ to Γ is again locally Lipschitz and by (3.21) and (3.3) is bounded from below. Let pα n q be a sequence of positive numbers converging to zero. By Ekeland's variational principle 3.1 there exists a sequence pγ n q Ă Γ such that c ő Ψpγ n q ő c`α n (3.23) and Ψp̺q ą Ψpγ n q´α n d Γ p̺, γ n q, ̺ ‰ γ n , n " 1, 2,¨¨¨(3.24) Therefore for any η P C 0 pr0, 1s; F q we obtain Ψ˝pγ n ; ηq ŕ lim sup tÑ0 Ψpγ n`t ηq´Ψpγ n q t ŕ´α n η
Then by Equation (3.12), there exists s n P Mpγ n q such that ϕpγ n ps n" Ψpγ n q and ϕ˝pγ n ps n q; hq ŕ´α n h i F p@i P Nq, @h P F, n " 1, 2,¨¨¨(3.26) Let f n " γ n ps n q for n " 1, 2,¨¨¨, then pf n q is the desired sequence and we have ϕpf n q Ñ c, moreover 0 P Bϕpf n q`α n B 1 F . (3.27) By the Chang PS condition pf n q has a convergent subsequent, denoted again by pf n q, with the limit z. Then, ϕpzq " lim That is 0 P Bϕpzq.
A global diffeomorphism theorem
In this section we apply the mountain pass theorem of the previous section to obtain a global diffeomorphism theorem.
Lemma 4.1. Let ϕ P Lip loc pF, Rq and bounded from bellow. Then there exists a sequence pf n q such that lim nÑ8 ϕpf n q " inf F ϕ and for all φ P Φ lim nÑ8 λ ϕ,φ pf n q " 0.
(4.1)
Proof. Consider a sequence of positive nuumbers pǫ n q converging to zero. The function ϕ satisfies all assumptions of Ekeland variational principle 3.1, so we can find a sequence pf n q such that ϕpf n q ă inf
2) Assume f " f n`t pg´f n q for some g P F and a positive number t, then we obtain
Thus, for all g P F if we let t Ñ 0 then
For a fixed f n define the sets Θ n -tph, tq | h P F ; t ą ϕ˝pf n ; hqu and Π n -tph, tq | h P F ; t ă´ǫ n h i F p@i P Nqu. They are open convex sets with empty intersection so by Hahn-Banach separation theorem there exists a separating hyperplane determined by a functional υ n ph, tq " w n phq`αt for some α ‰ 0, where w n is a linear functional on F such that w n p0q " 0. Let w˚phq "´1 α w n phq, then υ n ph, w˚phqq " 0, @h P F . Thereby w˚phq ő ϕ˝pf n ; hq hence by (1.1)(g) we have wn P Bϕpf n q. On the other hand | wnphq |ő ǫ n h i p@i P Nq so for all φ we have λ ϕ,φ pf n q ő ρ φ pw˚q ő ǫ n . Letting ε n Ó 0 completes the proof. Proof. We need to show that τ is surjective and bijective. Let e 1 ‰ e 2 P E if τ pe 1 q ‰ τ pe 2 q we have nothing to prove. Assume τ pe 1 q " τ pe 2 q " l. Since τ is a local diffeomorphism it follows that it is an open map, therefore, there exist σ, α ą 0 such that B αr plq Ă τ pB r pe 1 qq, @r P p0, σq.
(4.5) Let r P p0, σq be the smallest number such that e 2 R B r pe 1 q. Consider the function peq " ıpτ peq´lq, therefore pe 1 q " pe 2 q " 0.
Without the loose of generality we can suppose e 1 " 0. By (4.5) for e P bd B r p0q we have 0 ă m ő peq. Thus, all conditions of Theorem 3.2 hold so there exists pe n q Ă E such that lim nÑ8 pe n q " c for some c ŕ m characterized by (3.3). Since pe n q satisfies the Chang PS condition it has a convergent subsequent, denoted again by pe n q, with the limit h. Therefore, h is a critical point so 0 P Bphq and τ phq ‰ l since lim nÑ8 pe n q " phq " c ŕ m ą 0.
By the chain rule (1.4) we have Bphq Ă Bıpτ phq´lq˝D τ phq. Therefore, there exists v P Bıpτ phq´lq such that 0 " v˝D τ phq. Since τ is a local diffeomorphism it follows that v " 0. Therefore, by our assumption on ı, τ phq´l must be zero which is a contradiction.
Let g P F be given and consider the function peq " ıpτ peq´gq. By Lemma 4.1 there exists a sequence pf n q such that lim nÑ8 pf n q " inf E  and for all φ P Φ we have lim nÑ8 λ ,φ pf n q " 0.
(4.6)
Since  satisfies the Chang PS condition the sequence pf n q has a convergent subsequent, denoted again by pf n q, with the limit p which is a critical point of  so 0 P Bppq. By the chain rule (1.4) we have Bppq Ă Bıpτ ppq´gq˝D τ ppq. Thus, there exists ξ P Bıpτ ppq´gq such that 0 " ξ˝D τ ppq. Since D τ is invertible at p we have ξ " 0. Therefore by our assumption on ı, τ ppq " g. [12] may also work with the type auxiliary function that we use. Nevertheless, we may attempt to extend Theorem (4.1) for auxiliary functions that satisfy the weighted Chang PS condition which of course requires an appropriate mountain pass theorem.
